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Abstract
Let Nq be the number of solutions of the equation
a1x
2
1 + · · · + anx2n = bx1 · · ·xn
over the finite field Fq = Fps . L. Carlitz found formulas for Nq for n = 3 and for n = 4 and q ≡
3 (mod 4). He also expressed Nq for n = 4 and q ≡ 1 (mod 4) in terms of Jacobsthal sums. In an
earlier paper, we found formulas for Nq when d = gcd(n − 2, (q − 1)/2) = 1 or 2. In this paper,
we find formulas for Nq when d = 4 and p ≡ 7 (mod 8); and when there exists an l such that
pl ≡ −1 (mod 2d).
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Let p be an odd rational prime, q = ps , s  1, and Fq be a finite field of q elements.
By η denote the quadratic character on Fq (η(x) = +1,−1,0 according x is a square,
a non-square or zero in Fq ).
We consider an equation of the type
a1x
2
1 + · · · + anx2n = bx1 · · ·xn, (1)
where a1, . . . , an, b ∈ F∗q and n  3. L. Carlitz [6] proposed the problem of finding an
explicit formula for the number of solutions of (1) in Fnq . He proved that (1) has
q2 + 1 + [η(a1) + η(a2) + η(a3)]η(−a1a2a3)q
solutions if n = 3; if n = 4 and q ≡ 3 (mod 4) then the number of solutions of (1) equals
q3 − 1 + [η(a1a2) + η(a1a3) + η(a1a4)
+ η(a2a3) + η(a2a4) + η(a3a4)
]
q − η(a1a2a3a4)q.
For n = 4 and q ≡ 1 (mod 4) Carlitz expressed the number of solutions of (1) in terms of
Jacobsthal sums. Combining this expression with the results of S.A. Katre and A.R. Raj-
wade [8] gives the explicit formula for the number of solutions.
For n = 3, a1 = a2 = a3 = 1, b = 3 (so-called Markoff equation) A. Baragar [2] studied
a structure of the set of solutions and calculated the zeta-function.
Let g be a generator of the cyclic group F∗q . Note that by multiplying (1) by properly
chosen element of F∗q and also by replacing xi by hixi for a suitable hi ∈ F∗q and permuting
the variables, (1) can be reduced to the form
x21 + · · · + x2m + gx2m+1 + · · · + gx2n = cx1 · · ·xn, (2)
where c ∈ F∗q and n/2  m  n. It follows from this that it is sufficient to evaluate the
number of solutions of (2).
Denote by Nq the number of solutions of (2) in Fnq . Recently the present author [1]
obtained explicit formulas for Nq in the cases d = 1 and d = 2, where d = gcd(n − 2,
(q − 1)/2). The main results of [1] are the following two theorems.
Theorem 1. Let gcd(n − 2, (q − 1)/2) = 1. Then
Nq = qn−1 + 12
[
1 + (−1)n](−1)m+ n2 q n−22 (q − 1)
+ (−1)m+1[(−1) q−12 q − 1]n−m 2m−n∑
k=0
2|k
(−1) k(q−1)4
(
2m − n
k
)
q
k
2 .
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Nq = qn−1 + (−1)mq n−22 (q − 1) + (−1)m+1(q − 1)n−m
2m−n∑
k=0
2|k
(
2m − n
k
)
q
k
2 + η(c)T .
If p ≡ 1 (mod 4) then
T = (−1)m+1+ (n−2)(q−1)8 2 n2 Bn−mq n−24
m− n2∑
k=0
k≡ n−22 (mod 2)
(
m − n2
k
)
Am−
n
2 −kq
k
2 ,
where the integers A and |B| are uniquely determined by the conditions
q = A2 + B2, A ≡ 1 (mod 4), p  A.
If m < n then the sign of B is determined by the congruence
Bg
q−1
4 ≡ A (mod p).
If p ≡ 3 (mod 4) and m = n then T = (−1) s2 −12n−1q n−12 . If p ≡ 3 (mod 4) and m < n
then T = 0.
The aim of this paper is to find the explicit formulas for Nq in some other cases. Our
main result in Section 3 is Theorem 13, in which we deal with the case where d > 1 and
−1 is a power of p modulo 2d . In this case the result is obtainable solely in terms of m,
n, p, q , s, d and the minimal positive integer l such that 2d | (pl + 1). The main results of
Sections 4–6 are Theorems 16, 19, and 22, in which we cover the cases when d = 4 and
p ≡ 7 (mod 8). All of the evaluations in Sections 4–6 are effected in terms of parameters
occurring in quadratic partitions of q .
2. Preliminary lemmas
Let ψ be a nontrivial character on Fq . We extend ψ to all of Fq by setting ψ(0) = 0.
The Gauss sum G(ψ) over Fq is defined by
G(ψ) =
∑
x∈F∗q
ψ(x)e
2πi Tr(x)
p ,
where Tr(x) = x + xp + xp2 + · · ·+ xps−1 is the trace of x from Fq to Fp . The Jacobi sum
J (ψ) over Fq is defined by
J (ψ) =
∑
x∈F
ψ(x)ψ(1 − x).
q
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will be used throughout this paper.
Lemma 3. Let ψ be a nontrivial character on Fq with ψ = η. Then
(a) G(ψ)G(ψ¯) = ψ(−1)q ,
(b) G(ψ)2 = G(ψ2)J (ψ),
(c) G(ψ)G(ψη) = ψ¯(4)G(ψ2)G(η),
(d) J (ψ¯η) = η(−1)ψ(16)J (ψ).
Lemma 4. We have
G(η) =
{
(−1)s−1√q if p ≡ 1 (mod 4),
(−1)s−1is√q if p ≡ 3 (mod 4).
Lemma 5. Let ψ be a character of order δ > 1 on Fq . Suppose that there is a positive
integer l such that δ | (pl + 1) and 2l | s. Then
G(ψ) = (−1) s2l −1+ p
l+1
δ
· s2l √q.
Let ψ be a character on Fq . The lift ψ ′ of the character ψ from Fq to the extension field
Fqt is given by
ψ ′(x) = ψ(NFqt /Fq (x)), x ∈ Fqt ,
where NFqt /Fq (x) = x · xq · xq
2 · · ·xqt−1 = x q
t−1
q−1 is the norm of x from Fqt to Fq .
Lemma 6. Let ψ be a character on Fq and let ψ ′ denote the lift of ψ from Fq to Fqt . Then
(a) ψ ′ is a character on Fqt ,
(b) if x ∈ Fq then ψ ′(x) = ψt(x),
(c) a character λ on Fqt equals the lift ψ ′ of some character ψ on Fq if and only if the
order of λ divides q − 1,
(d) ψ ′ and ψ have the same order.
Lemma 7. Let ψ be a nontrivial character on Fq and let ψ ′ denote the lift of ψ from Fq
to Fqt . Then
J (ψ ′) = (−1)t−1J (ψ)t .
These results are in the literature. See [5, Theorems 1.1.4(a), 2.1.3(a), 2.1.4 and 2.1.6],
[5, Theorem 11.5.4], [5, Theorem 11.6.3], [5, Theorem 11.4.4], [5, Corollary 11.5.3], re-
spectively.
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1 (mod 8), define the integers A and B by the conditions q = A2 + B2, A ≡ 1 (mod 4),
p  A. Then
ψ(2) =
⎧⎨
⎩
(−1)B/4 if p ≡ 1 (mod 8),
(−1)s/2 if p ≡ 5 (mod 8),
1 if p ≡ 3 (mod 4).
Proof. First suppose that p ≡/ 1 (mod 8). In this case 2 | s. From p2 ≡ 1 (mod 4) it follows,
by Lemma 6, that ψ equals the lift of some character λ of order 4 on Fp2 and ψ(2) =
λs/2(2). Let λ∗ denote the restriction of λ to Fp . By [5, Proposition 11.4.1],
ordλ∗ = 4
gcd(4,p + 1) =
{
2 if p ≡ 5 (mod 8),
1 if p ≡ 3 (mod 4).
Hence
ψ(2) = λs/2(2) = (λ∗(2))s/2 = { (−1)s/2 if p ≡ 5 (mod 8),
1 if p ≡ 3 (mod 4).
Now suppose that p ≡ 1 (mod 8). Then ψ equals the lift of some character λ of order
4 on Fp and ψ(2) = λs(2). We define integers A0 and B0 by the conditions p = A20 + B20 ,
A0 ≡ 1 (mod 4). Then 4 | B0 and, by [5, Theorem 7.5.1], λ(2) = (−1)B0/4. Since
B = ±
s∑
k=0
2k
(−1) k−12
(
s
k
)
As−k0 B
k
0
(see [8, Proposition 4]), it follows that
B ≡ ±As−10 B0s (mod 8),
so that
B
4
≡ ±A
s−1
0 B0s
4
≡ B0s
4
(mod 2).
Therefore, ψ(2) = (−1)B0s/4 = (−1)B/4, as desired. 
Let g be a generator of the cyclic group F∗q . Let n  3 and n/2  m  n. Let ψ be a
nontrivial character on Fq . The sum T (ψ) over Fq is defined by
T (ψ) = 1
q − 1
∑
x1,...,xn∈Fq
ψ
(
x21 + · · · + x2m + gx2m+1 + · · · + gx2n
)
ψ¯(x1 · · ·xn).
In the following lemma, which is Lemma 1 of [1], we express Nq in terms of T (ψ).
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Nq = qn−1 + 12
[
1 + (−1)n](−1)m+ n2 · q−12 q n−22 (q − 1)
+ (−1)m+1[(−1) q−12 q − 1]n−m 2m−n∑
k=0
2|k
(−1) k(q−1)4
(
2m − n
k
)
q
k
2
+
∑
ψd=ε
ψ =ε
ψ¯(c)T (ψ),
where
∑
ψd=ε,ψ =ε means that the summation is taken over all nontrivial characters ψ on
Fq of order dividing d .
In the next lemma we give an expression for T (ψ) in terms of Gauss and Jacobi sums.
Lemma 10. Let gcd(n − 2, (q − 1)/2) = d , d > 1. Let ψ be a character of order δ on Fq ,
where δ > 1 and δ | d . Let λ be a character on Fq chosen so that λ2 = ψ and
ordλ =
{
δ if δ is odd,
2δ if δ is even.
Then
(a)
T (ψ) = 1
2q
λ(gn−m)G(ψ)
[
G(λ¯)2 − G(λ¯η)2]n−m
× [[G(λ¯) + G(λ¯η)]2m−n + (−1)n+ n−2δ [G(λ¯) − G(λ¯η)]2m−n],
(b) for even n
T (ψ) = λ(gn−m)G(ψ¯) n−22 [J (λ¯) − η(−1)ψ(4)J (λ)]n−m
×
m− n2∑
k=0
k≡ n−2
δ
(mod 2)
(
m − n2
k
)[
J (λ¯) + η(−1)ψ(4)J (λ)]m− n2 −k2kψk(2)G(η)k.
Proof. Part (a) is Lemma 2 of [1]. For part (b), using the fact ψ = λ2 and Lemma 3(b)–(d),
we find that
G(λ¯)2 − G(λ¯η)2 = G(ψ¯)[J (λ¯) − η(−1)ψ(4)J (λ)]
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[
G(λ¯) ± G(λ¯η)]2 = G(ψ¯)[J (λ¯) + η(−1)ψ(4)J (λ) ± 2ψ(2)G(η)].
Thus, by part (a) and Lemma 3(a),
T (ψ) = 1
2
λ(gn−m)ψ(−1)G(ψ¯) n−22 [J (λ¯) − η(−1)ψ(4)J (λ)]n−m
× [[J (λ¯) + η(−1)ψ(4)J (λ) + 2ψ(2)G(η)]m− n2
+ (−1) n−2δ [J (λ¯) + η(−1)ψ(4)J (λ) − 2ψ(2)G(η)]m− n2 ]
= λ(gn−m)G(ψ¯) n−22 [J (λ¯) − η(−1)ψ(4)J (λ)]n−m
×
m− n2∑
k=0
k≡ n−2
δ
(mod 2)
(
m − n2
k
)[
J (λ¯) + η(−1)ψ(4)J (λ)]m− n2 −k2kψk(2)G(η)k,
as desired. 
Lemma 11. Let 2 | n and p ≡ 1 (mod 4). Then
T (η) = (−1)m+1+ (n−2)(q−1)8 2 n2 Bn−mq n−24
m− n2∑
k=0
k≡ n−22 (mod 2)
(
m − n2
k
)
Am−
n
2 −kq
k
2 ,
where the integers A and B are uniquely determined by the conditions
q = A2 + B2, A ≡ 1 (mod 4), p  A, (3)
Bg
q−1
4 ≡ A (mod p). (4)
This result was obtained in [1] in the proof of Theorem 2.
3. The case gcd(n − 2, (q − 1)/2) = d , d > 1, 2d | (pl + 1)
Lemma 12. Let gcd(n − 2, (q − 1)/2) = d , d > 1. Let ψ be a character of order δ on Fq ,
where δ > 1 and δ | d . Suppose that there is a positive integer l such that 2δ | (pl + 1) and
2l | s. Then
T (ψ) =
{
(−1)( s2l −1)(n−1)2n−1q n−12 if m = n,
0 if m < n.
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ord λ¯ = δ and ord λ¯η = 2δ. Since 2δ | (pl + 1) and 2l | s, we have, by Lemma 5,
G(λ¯) = (−1) s2l −1+ p
l+1
δ
· s2l √q = (−1) s2l −1√q (5)
and
G(λ¯η) = (−1) s2l −1+ p
l+1
2δ · s2l √q. (6)
If δ is even then ord λ¯ = ord λ¯η = 2δ. Then similar reasoning yields
G(λ¯) = G(λ¯η) = (−1) s2l −1+ p
l+1
2δ · s2l √q. (7)
In any case,
G(λ¯)2 = G(λ¯η)2.
Therefore, by Lemma 10(a), T (ψ) = 0 if m < n.
Now suppose that m = n. Since (pl + 1)/δ is even, we have
G(ψ) = (−1) s2l −1√q. (8)
If δ is odd then n + n−2
δ
is even, and from (5)–(7) and Lemma 10(a) we obtain
T (ψ) = 1
2q
(−1) s2l −1√q · (−1)( s2l −1)nq n2 [[1 + (−1) pl+12δ · s2l ]n + [1 − (−1) pl+12δ · s2l ]n]
= (−1)( s2l −1)(n−1)2n−1q n−12 .
If δ is even then n is even and (7), (8) and Lemma 10(a) imply
T (ψ) = 1
2q
(−1) s2l −1√q · (−1)( s2l −1)nq n2 2n = (−1)( s2l −1)(n−1)2n−1q n−12 .
This completes the proof of Lemma 12. 
Theorem 13. Let gcd(n−2, (q −1)/2) = d , d > 1. Suppose that there is a positive integer
l such that 2d | (pl + 1) with l chosen minimal. Then
Nq = qn−1 + 12
[
1 + (−1)n](−1)mq n−22 (q − 1)
+ (−1)m+1(q − 1)n−m
2m−n∑
k=0
(
2m − n
k
)
q
k
2 + (−1)( s2l −1)(n−1)2n−1q n−12 T ,2|k
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T =
{
d − 1 if m = n and c is a dth power in Fq ,
−1 if m = n and c is not a dth power in Fq ,
0 if m < n.
Proof. Since 2d | (pl + 1) and 2d | (q − 1), we have q ≡ 1 (mod 8) and 2l | s. Therefore,
by Lemma 9,
Nq = qn−1 + 12
[
1 + (−1)n](−1)mq n−22 (q − 1)
+ (−1)m+1(q − 1)n−m
2m−n∑
k=0
2|k
(
2m − n
k
)
q
k
2 +
∑
ψd=ε
ψ =ε
ψ¯(c)T (ψ). (9)
Clearly, an order of every character ψ in sum
∑
ψd=ε,ψ =ε divides (pl + 1)/2. Hence, by
Lemma 12, ∑
ψd=ε
ψ =ε
ψ¯(c)T (ψ) = (−1)( s2l −1)(n−1)2n−1q n−12 T ,
where
T =
{∑
ψd=ε,ψ =ε ψ¯(c) if m = n,
0 if m < n.
Thus, from (9) and the well-known relation
∑
ψd=ε
ψ =ε
ψ¯(c) =
{
d − 1 if c is a dth power in F∗q ,
−1 if c is not a dth power in F∗q ,
Theorem 13 follows. 
4. The case gcd(n − 2, (q − 1)/2) = 4, p ≡ 5 (mod 8)
Lemma 14. Let p ≡ 5 (mod 8), q = ps , 2 | s and ψ be a character of order 8 on Fq . Then
J (ψ) = (−1) s2 −1√q .
Proof. By Lemma 6 and the fact that p2 ≡ 1 (mod 8), ψ equals the lift of some character
λ of order 8 on Fp2 . By [4, Theorem 4.4] and Lemma 8, J (λ) = p. Thus, by Lemma 7,
J (ψ) = (−1) s2 −1J (λ) s2 = (−1) s2 −1√q,
as desired. 
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on Fq such that ψ(g) = i. Then
T (ψ) =
{
(−1) s2 −12n−1q 3n−28 (A + Bi) n−24 if m = n,
0 if m < n,
where the integers A and B are uniquely determined by (3) and (4).
Proof. Since p ≡ 5 (mod 8) and 2 | s, we have η(−1) = 1 and, by Lemmas 4 and 8,
G(η) = −√q and ψ(2) = (−1)s/2. Let λ be a character of order 8 on Fq such that ψ = λ2.
Then, by Lemmas 3(b) and 10(b),
T (ψ) = λ(gn−m)[G(η)J (ψ¯)] n−24 [J (λ¯) − J (λ)]n−m
×
m− n2∑
k=0
k≡ n−24 (mod 2)
(−1)k( s2 −1)
(
m − n2
k
)[
J (λ) + J (λ¯)]m− n2 −k2kq k2 . (10)
By Lemma 14,
J (λ) = J (λ¯) = (−1) s2 −1√q. (11)
Therefore, T (ψ) = 0 if m < n.
Now suppose that m = n. By [8, Proposition 3],
J (ψ¯) = −A − Bi, (12)
where the integers A and B are uniquely determined by (3) and (4). From (10)–(12) we
obtain
T (ψ) = (−1) s2 −12 n2 q 3n−28 (A + Bi) n−24
n
2∑
k=0
k≡ n−24 (mod 2)
(n
2
k
)
= (−1) s2 −12n−1q 3n−28 (A + Bi) n−24 ,
as desired. 
Theorem 16. Let gcd(n − 2, (q − 1)/2) = 4 and p ≡ 5 (mod 8). Then
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2m−n∑
k=0
2|k
(
2m − n
k
)
q
k
2
+ (−1)m+12 n2 Bn−mq n−24 η(c)
m− n2∑
k=0
2|k
(
m − n2
k
)
Am−
n
2 −kq
k
2 + (−1) s2 −12nq 3n−28 T .
Under the condition m = n,
T =
n−2
4∑
k=0
2|k
(−1) k2
(n−2
4
k
)
A
n−2
4 −kBk
if c is a 4th power in Fq ,
T =
n−2
4∑
k=0
2|k
(−1) k−22
(n−2
4
k
)
A
n−2
4 −kBk
if c is a square but not a 4th power in Fq , and
T =
n−2
4∑
k=0
2k
(−1) k−12
(n−2
4
k
)
A
n−2
4 −kBk
if c is not a square in Fq . If m < n then T = 0. The integers A and |B| are uniquely
determined by (3). If m < n or m = n and c is not a square in Fq then the sign of B is
determined by
A ≡
{
Bc
q−1
4 (mod p) if m = n and c is not a square in Fq ,
Bg
q−1
4 (mod p) if m < n.
Proof. Let ψ be a character of order 4 on Fq such that ψ(g) = i. Since q ≡ 1 (mod 8),
2 | s and 4 | (n − 2), by Lemmas 9 and 11, we have
Nq = qn−1 + (−1)mq n−22 (q − 1) + (−1)m+1(q − 1)n−m
2m−n∑
k=0
2|k
(
2m − n
k
)
q
k
2
+ (−1)m+12 n2 Bn−mq n−24 η(c)
m− n2∑
k=0
2|k
(
m − n2
k
)
Am−
n
2 −kq
k
2
+ ψ¯(c)T (ψ) + ψ(c)T (ψ¯),
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Lemma 15, we obtain formula for Nq in the case m < n.
Now suppose that m = n. By Lemma 15,
ψ¯(c)T (ψ) + ψ(c)T (ψ¯) = (−1) s2 −12nq 3n−28 T ,
where
T = 1
2
[
ψ¯(c)(A + Bi) n−24 + ψ(c)(A − Bi) n−24 ].
If c is a 4th power in Fq then ψ(c) = ψ¯(c) = 1 and so
T =
n−2
4∑
k=0
2|k
(−1) k2
(n−2
4
k
)
A
n−2
4 −kBk.
If c is a square but not 4th power in Fq then ψ(c) = ψ¯(c) = −1 and so
T =
n−2
4∑
k=0
2|k
(−1) k−22
(n−2
4
k
)
A
n−2
4 −kBk.
If c is not a square in Fq then ψ(c) = ±i. Suppose first that ψ(c) = i. Then
T =
n−2
4∑
k=0
2k
(−1) k−12
(n−2
4
k
)
A
n−2
4 −kBk.
Moreover, from the fact that ψ(c) = ψ(g) it follows that indg c ≡ 1 (mod 4). Hence
Bc
q−1
4 = Bg q−14 ≡ A (mod p).
Now suppose that ψ(c) = −i. Then
T =
n−2
4∑
k=0
2k
(−1) k−12
(n−2
4
k
)
A
n−2
4 −k(−B)k.
In this case ψ(c) = ψ¯(g) and indg c ≡ 3 (mod 4). Thus
(−B)c q−14 = (−B)g 3(q−1)4 = Bg q−14 ≡ A (mod p).
This completes the proof of Theorem 16. 
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Lemma 17. Let p ≡ 3 (mod 8), q = ps , 2 | s and ψ be a character of order 8 on Fq
such that ψ(g) = (1 + i)/√2. Then J (ψ) = L + Mi√2, where the integers L and M are
uniquely determined by the conditions
q = L2 + 2M2, L ≡ −1 (mod 4), p  L, (13)
2M ≡ L(g q−18 + g 3(q−1)8 ) (mod p). (14)
Proof. By Lemma 6 and the fact that p2 ≡ 1 (mod 8), ψ equals the lift of some character
λ of order 8 on Fp2 . From [4, Theorem 4.6] and [5, Theorem 12.2.1] it follows that J (λ) =
E(λ)2, where
E(λ) =
∑
x∈F
p2
Tr(x)=1
λ(x)
is the Eisenstein sum. Also, by [5, Theorem 12.7.1(b)],
E(λ) = −(L0 + M0i√2 ),
where the integers L0 and M0 are uniquely determined by the conditions
p = L20 + 2M20 , L0 ≡ (−1)
p−3
8 (mod 4),
2M0 ≡ L0
(
γ
p2−1
8 + γ 3(p
2−1)
8
)
(mod p),
γ is a generator of F∗
p2
such that λ(γ ) = (1 + i)/√2. Then, by Lemma 7,
J (ψ) = (−1) s2 −1(L0 + M0i√2 )s = L + Mi√2,
where
L = (−1) s2 −1
s∑
k=0
2|k
(
s
k
)
Ls−k0
(−2M20 ) k2 ,
M = (−1) s2 −1M0
s∑
k=0
2k
(
s
k
)
Ls−k0
(−2M20 ) k−12 .
Hence q = L2 + 2M2. From s  2 and 2M2 = p − L2 ≡ 2 (mod 4) it follows that0 0
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[
Ls0 − 2
(
s
2
)
Ls−20 M
2
0
]
≡ (−1) s2 −1[1 − s(s − 1)]≡ (−1) s2 −1(−1) s2 ≡ −1 (mod 4).
We observe that g
q−1
p2−1 is a generator of Fp2 and λ(g
q−1
p2−1 ) = λ(NFq/Fp2 (g)) = ψ(g) =
(1 + i)/√2. Therefore γ = g
q−1
p2−1
. Moreover,
L = (−1) s2 −1
s∑
k=0
2|k
(
s
k
)
Ls−k0
(
L20 − p
) k
2 ≡ (−1) s2 −12s−1Ls0 (mod p).
Hence p  L and
2M ≡ (−1) s2 −1L0
(
γ
p2−1
8 + γ 3(p
2−1)
8
) s∑
k=0
2k
(
s
k
)
Ls−k0
(
L20 − p
) k−1
2
≡ (−1) s2 −1Ls0
(
g
q−1
8 + g 3(q−1)8 ) s∑
k=0
2k
(
s
k
)
≡ L(g q−18 + g 3(q−1)8 ) (mod p).
Lemma 17 is thus established. 
Lemma 18. Let p ≡ 3 (mod 8), q = ps , 2 | s, 4 | (n − 2) and ψ be a character of order 4
on Fq such that ψ(g) = i. Then
T (ψ) = (−1) n−24 ( s2 −1)2 n2 Mn−mq n−24 (1 − i)n−m
m− n2∑
k=0
k≡ n−24 (mod 2)
(
m − n2
k
)
Lm−
n
2 −kq
k
2 ,
where the integers L and M are uniquely determined by (13) and (14).
Proof. Since p ≡ 3 (mod 8) and 2 | s, we have η(−1) = 1 and, by Lemmas 4, 5 and 8,
G(η) = (−1) s2 −1√q , G(ψ¯)2 = q and ψ(2) = 1. Let λ be a character of order 8 on Fq such
that ψ = λ2 and λ(g) = (1 + i)/√2. Then, by Lemma 10(b),
T (ψ) = λ(gn−m)q n−24 [J (λ¯) − J (λ)]n−m
×
m− n2∑
k=0
k≡ n−2 (mod 2)
(−1)k( s2 −1)
(
m − n2
k
)[
J (λ) + J (λ¯)]m− n2 −k2kq k2 .4
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by (13) and (14). Thus
T (ψ) = (−1) n−24
( s
2 −1
)(
(1 + i)/√2 )n−m(−2Mi√2 )n−mq n−24
×
m− n2∑
k=0
k≡ n−24 (mod 2)
(
m − n2
k
)
(2L)m−
n
2 −k2kq
k
2
= (−1) n−24 ( s2 −1)2 n2 Mn−mq n−24 (1 − i)n−m
m− n2∑
k=0
k≡ n−24 (mod 2)
(
m − n2
k
)
Lm−
n
2 −kq
k
2 ,
as desired. 
Theorem 19. Let gcd(n − 2, (q − 1)/2) = 4 and p ≡ 3 (mod 8). Then
Nq = qn−1 + (−1)mq n−22 (q − 1) + (−1)m+1(q − 1)n−m
2m−n∑
k=0
2|k
(
2m − n
k
)
q
k
2
+ (−1) s2 −12n−1q n−12 η(c)T1 + (−1) s2 −12n−m2 +1Mn−mq n−24 T2
×
m− n2∑
k=0
k≡ n−24 (mod 2)
(
m − n2
k
)
Lm−
n
2 −kq
k
2 ,
where T1 = 1 if m = n and T1 = 0 otherwise,
T2 =
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
cos π(n−m)4 if c is a 4th power in Fq ,
− cos π(n−m)4 if c is a square but not a 4th power in Fq ,
sin π(n−m)4 if cg is a 4th power in Fq ,
− sin π(n−m)4 if cg is a square but not a 4th power in Fq .
The integers L and |M| are uniquely determined by (13). If m < n then the sign of M is
determined by (14).
Proof. Let ψ be a character of order 4 on Fq such that ψ(g) = i. Since 2 | s and p ≡
3 (mod 8), by Lemmas 9 and 12, we have
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2m−n∑
k=0
2|k
(
2m − n
k
)
q
k
2
+ (−1) s2 −12n−1q n−12 η(c)T1 + ψ¯(c)T (ψ) + ψ(c)T (ψ¯),
where T1 = 1 if m = n and T1 = 0 otherwise. By Lemma 18,
ψ¯(c)T (ψ) + ψ(c)T (ψ¯)
= (−1) n−24 ( s2 −1)2 n2 Mn−mq n−24
× [ψ(c)(1 + i)n−m + ψ¯(c)(1 − i)n−m] m−
n
2∑
k=0
k≡ n−24 (mod 2)
(
m − n2
k
)
Lm−
n
2 −kq
k
2 ,
where the integers L and M are uniquely determined by (13) and (14). If 4  s then
(−1) n−24 ( s2 −1) = (−1) s2 −1. If 4 | s then q ≡ 1 (mod 16). Then from gcd(n−2, (q−1)/2) =
4 it follows that (n − 2)/4 is odd and so (−1) n−24 ( s2 −1) = (−1) s2 −1. Therefore, we have
ψ¯(c)T (ψ) + ψ(c)T (ψ¯)
= (−1) s2 −12n−m2 +1Mn−mq n−24 T2
m− n2∑
k=0
k≡ n−24 (mod 2)
(
m − n2
k
)
Lm−
n
2 −kq
k
2 ,
where
T2 = 2m−n2 −1
[
ψ(c)(1 + i)n−m + ψ¯(c)(1 − i)n−m].
If c is a 4th power in Fq then ψ(c) = ψ¯(c) = 1 and so
T2 = 2m−n2
n−m∑
k=0
2|k
(−1) k2
(
n − m
k
)
= cos π(n − m)
4
.
If c is a square but not a 4th power in Fq then ψ(c) = ψ¯(c) = −1 and so
T2 = −2m−n2
n−m∑
k=0
(−1) k2
(
n − m
k
)
= − cos π(n − m)
4
.2|k
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ψ(c)i = 1 and so ψ(c) = −i. Hence,
T2 = 2m−n2
n−m∑
k=0
2k
(−1) k−12
(
n − m
k
)
= sin π(n − m)
4
.
If cg is a square but not a 4th power in Fq then ψ(cg) = ψ(c)i = −1 and so ψ(c) = i.
Thus
T2 = −2m−n2
n−m∑
k=0
2k
(−1) k−12
(
n − m
k
)
= − sin π(n − m)
4
.
This completes the proof of Theorem 19. 
6. The case gcd(n − 2, (q − 1)/2) = 4, p ≡ 1 (mod 8)
Lemma 20. Let p ≡ 1 (mod 8), q = ps and ψ be a character of order 8 on Fq such that
ψ(g) = (1 + i)/√2. Then J (ψ) = ψ(4)(L + Mi√2 ), where the integers L and M are
uniquely determined by (13) and (14).
Proof. By Lemma 6, and the fact that p ≡ 1 (mod 8), ψ equals the lift of some character
λ of order 8 on Fp and ψ(4) = λs(4). By [5, Theorems 3.3.1 and 3.3.2], J (λ) = λ(4)(L0 +
M0i
√
2), where the integers L0 and M0 are uniquely determined by the conditions
p = L20 + 2M20 , L0 ≡ −1 (mod 4),
2M0 ≡ L0
(
γ
p−1
8 + γ 3(p−1)8 ) (mod p),
γ is a generator of F∗p such that λ(γ ) = (1 + i)/
√
2. Then, by Lemma 7,
J (ψ) = (−1)s−1λs(4)(L0 + M0i√2 )s = ψ(4)(L + Mi√2 ),
where
L = (−1)s−1
s∑
k=0
2|k
(
s
k
)
Ls−k0
(−2M20 ) k2 ,
M = (−1)s−1M0
s∑
k=0
2k
(
s
k
)
Ls−k0
(−2M20 ) k−12 .
The remainder of the proof is analogous to that of Lemma 17. 
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such that ψ(g) = i. Then
T (ψ) = (−1) n−2+B4 2 n2 Mn−mq n−28 (1 − i)n−m
× (A + Bi) n−24
m− n2∑
k=0
k≡ n−24 (mod 2)
(
m − n2
k
)
Lm−
n
2 −kq
k
2 ,
where the integers A, B , L and M are uniquely determined by (3), (4), (13) and (14).
Proof. Since p ≡ 1 (mod 8), we have η(−1) = 1 and, by Lemmas 3(b), 4, 8 and [8,
Proposition 3], G(η) = (−1)s−1√q , ψ(2) = (−1)B/4 and
G(ψ¯)
n−2
2 = (G(η)J (ψ¯)) n−24 = (−1) (n−2)s4 q n−28 (A + Bi) n−24 ,
where the integers A and B are uniquely determined by (3) and (4). Let λ be a character of
order 8 on Fq such that ψ = λ2 and λ(g) = (1 + i)/
√
2. Then by Lemma 10(b),
T (ψ) = (−1) (n−2)s4 λ(gn−m)q n−28 (A + Bi) n−24 [J (λ¯) − J (λ)]n−m
×
m− n2∑
k=0
k≡ n−24 (mod 2)
(−1)k(s−1+B4 )
(
m − n2
k
)[
J (λ) + J (λ¯)]m− n2 −k2kq k2 .
By Lemmas 8 and 20, J (λ) = (−1)B/4(L + Mi√2 ), where the integers L and M are
uniquely determined by (13) and (14). Thus
T (ψ) = (−1) n−24 [(1 + i)/√2 ]n−m[−(−1) B4 · 2Mi√2 ]n−mq n−28
× (A + Bi) n−24
m− n2∑
k=0
k≡ n−24 (mod 2)
(−1)(m− n2 ) B4
(
m − n2
k
)
(2L)m−
n
2 −k2kq
k
2
= (−1) n−2+B4 2 n2 Mn−mq n−28 (1 − i)n−m(A + Bi) n−24
×
m− n2∑
k=0
k≡ n−24 (mod 2)
(
m − n2
k
)
Lm−
n
2 −kq
k
2 ,
as desired. 
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Nq = qn−1 + (−1)mq n−22 (q − 1) + (−1)m+1(q − 1)n−m
2m−n∑
k=0
2|k
(
2m − n
k
)
q
k
2
+ (−1)m+12 n2 Bn−mq n−24 η(c)
m− n2∑
k=0
2|k
(
m − n2
k
)
Am−
n
2 −kq
k
2
+ (−1) n−2+B4 2n−m2 +1Mn−mq n−28 T
m− n2∑
k=0
k≡ n−24 (mod 2)
(
m − n2
k
)
Lm−
n
2 −kq
k
2 ,
where
T = T1 cos π(n − m)4 + T2 sin
π(n − m)
4
if c is a 4th power in Fq ,
T = −T1 cos π(n − m)4 − T2 sin
π(n − m)
4
if c is a square but not a 4th power in Fq ,
T = T1 sin π(n − m)4 − T2 cos
π(n − m)
4
if cg is a 4th power in Fq ,
T = −T1 sin π(n − m)4 + T2 cos
π(n − m)
4
if cg is a square but not a 4th power in Fq ,
T1 =
n−2
4∑
k=0
2|k
(−1) k2
(n−2
4
k
)
A
n−2
4 −kBk, (15)
T2 =
n−2
4∑
k=0
2k
(−1) k−12
(n−2
4
k
)
A
n−2
4 −kBk. (16)
The integers A, B , L and |M| are uniquely determined by (3), (4) and (13). If m < n then
the sign of M is determined by (14).
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4 | (n − 2), by Lemmas 9 and 11, we have
Nq = qn−1 + (−1)mq n−22 (q − 1) + (−1)m+1(q − 1)n−m
2m−n∑
k=0
2|k
(
2m − n
k
)
q
k
2
+ (−1)m+12 n2 Bn−mq n−24 η(c)
m− n2∑
k=0
2|k
(
m − n2
k
)
Am−
n
2 −kq
k
2
+ ψ¯(c)T (ψ) + ψ(c)T (ψ¯),
where the integers A and B are uniquely determined by (3) and (4). By Lemma 21,
ψ¯(c)T (ψ) + ψ(c)T (ψ¯)
= (−1) n−2+B4 2n−m2 +1Mn−mq n−28 T
m− n2∑
k=0
k≡ n−24 (mod 2)
(
m − n2
k
)
Lm−
n
2 −kq
k
2 ,
where
T = 2m−n2 −1[ψ(c)(1 + i)n−m(A − Bi) n−24 + ψ¯(c)(1 − i)n−m(A + Bi) n−24 ]
and the integers L and M are uniquely determined by (13) and (14). Hence
T = 2m−n2 −1[ψ(c)(1 + i)n−m + ψ¯(c)(1 − i)n−m]T1
+ 2m−n2 −1[ψ¯(c)(1 − i)n−m − ψ(c)(1 + i)n−m]iT2,
where T1 and T2 are determined by (15) and (16).
If c is a 4th power in Fq then ψ(c) = ψ¯(c) = 1 and so
T = T1 cos π(n − m)4 + T2 sin
π(n − m)
4
.
If c is a square but not a 4th power in Fq then ψ(c) = ψ¯(c) = −1 and so
T = −T1 cos π(n − m)4 − T2 sin
π(n − m)
4
.
If c is not a square in Fq then cg is a square in Fq . If cg is a 4th power in Fq then ψ(cg) =
ψ(c)i = 1 and so ψ(c) = −i. Hence,
T = T1 sin π(n − m) − T2 cos π(n − m).4 4
I. Baoulina / Journal of Number Theory 118 (2006) 31–52 51If cg is a square but not a 4th power in Fq then ψ(cg) = ψ(c)i = −1 and so ψ(c) = i.
Thus
T = −T1 sin π(n − m)4 + T2 cos
π(n − m)
4
.
This completes the proof of Theorem 22. 
7. Concluding remarks
Suppose that q ≡ 1 (mod 2(n − 2)); then for each positive integer t we have gcd(n− 2,
(qt − 1)/2) = n − 2. In addition, assume that there exists a positive integer l such that
2(n − 2) | (pl + 1). In this case Theorem 13 gives the explicit formula for Nqt for each
positive integer t . Hence we can calculate the zeta-function in this case. Another situation
when we are able to find the zeta-function is n = pα + 2. The details will appear in a
separate paper.
It is also possible to find the explicit formula for the number of solutions in the case
when gcd(n − 2, (q − 1)/2) = 8 and p ≡ 9 (mod 16). In this case Nq can be expressed
in terms of the integers A, B , L and M but the formula is more complex than in the case
gcd(n − 2, (q − 1)/2) = 4, p ≡ 1 (mod 8).
Suppose that gcd(n − 2, (q − 1)/2) = 3 and p ≡ 1 (mod 3). If n is even then we are
able to obtain the explicit formula for the number of solutions. In this case Nq can be ex-
pressed in terms of the integers C and D such that 4q = C2 +27D2 but the formula is very
complex. The proof for m = n/2 will appear in a separate paper. If n is odd, the difficulty
that arises is that we do not have expressions for Gauss sums with cubic characters.
In the present paper and in [1] we considered (1) in the finite field Fq with odd q .
If q = 2s then (1) can be reduced to the form
(x1 + · · · + xn)2 = ax1 · · ·xn, (17)
where a ∈ F∗q . The last equation with n ∈ {3,4} was also treated by L. Carlitz [7]. He
proved that
Nq =
{
q2 + 1 if n = 3 and q is odd,
q3 − 1 − η(a)q if n = 4 and q is odd,
where Nq is the number of solutions of (17) in Fnq . In the same paper Carlitz proposed the
problem of finding an explicit formula for Nq in the case n 5. This problem was partially
solved by the present author in [3]: the explicit formulas for Nq for d ∈ {1,2,3,4}, where
d = gcd(n − 2, q − 1), and also for arbitrary d > 2 under the condition that there exists a
positive integer l such that d | (pl + 1) were obtained.
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